A method to construct non-Dirac-hermitian supersymmetric quantum system that is isospectral with a Dirac-hermitian Hamiltonian is presented. The general technique involves a realization of the basic canonical (anti-)commutation relations involving both bosonic and fermionic degrees of freedom in terms of non-Dirac-hermitian operators which are hermitian in a Hilbert space that is endowed with a pre-determined positive-definite metric. A pseudo-hermitian realization of the Clifford algebra for a predetermined positive-definite metric is used to construct supersymmetric systems with one or many degrees of freedom. It is shown that exactly solvable non-Dirac-hermitian supersymmetric quantum systems can be constructed corresponding to each exactly solvable Dirac-hermitian system. Examples of non-Dirac-hermitian (i) non-relativistic Pauli Hamiltonian, (ii) super-conformal quantum system and (iii) supersymmetric Calogero-type models admitting entirely real spectra are presented.
Introduction
The study of non-Dirac-hermitian quantum systems with unbroken combined parity(P) and time-reversal(T ) symmetry has received considerable attention over the last few years [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . A consistent quantum description of such systems, including reality of the entire spectra and unitary time-evolution, is admissible with the choice of a new inner-product in the Hilbert space [1] . A non-Dirac-hermitian quantum system admitting entirely real spectra may also be understood in terms of pseudohermitian operators [2, 3] . The existence of a positive-definite metric in the Hilbert space is again crucial in this formalism for showing reality of the entire spectra as well as unitary time evolution. Supersymmetric versions of PT symmetric and/or pseudo-hermitian quantum systems have been studied in the literature [4, 5, 6, 7, 8, 9, 12] .
A general problem encountered in the study of PT symmetric non-Dirachermitian quantum system is the construction of the metric in the Hilbert space, which is essential for the calculation of expectation values of physical observables as well as different correlation functions. The description of a quantum system without the knowledge of the metric is thus incomplete, even though the complete spectrum and the associated eigenfunctions may be be known ex-
plicitly. An approach taken in Ref. [10] was to consider Hilbert space with a pre-determined metric so that non-Dirac-hermitian quantum system can be constructed from known Dirac-hermitian Hamiltonian through isospectral deformation. Although the non-Dirac-hermitian Hamiltonian constructed in this way is isospectral with the corresponding Dirac-hermitian Hamiltonian, the difference may appear in the description of different correlation functions of these two quantum systems [13] .
Several exactly solvable non-Dirac-hermitian quantum systems with a complete description were constructed following this approach [10] . It is reassuring that the asymmetric XXZ spin-chain [17] , which has been studied extensively in the context of two species reaction-diffusion processes and Kardar-ParisiZhang-type growth phenomenon, was shown to be pseudo-hermitian following this general approach [10] . A non-Dirac-hermitian transverse-field Ising model appears as a special case of this general class of spin systems [13] . Further, the celebrated Dicke model [18] was shown to admit bound states for previously unexplored range of parameters [12] . These models may be considered as prototype examples of non-Dirac-hermitian quantum systems with a complete description which provide the ground for testing any idea related to the subject, including validity of any approximate or numerical method.
The purpose of this article is to generalize the approach of Ref. [10] to include fermionic degrees of freedom and construct non-Dirac-hermitian supersymmetric quantum systems with a pre-determined metric in the Hilbert space. The general method involves a realization of the basic canonical (anti-)commutation relations involving both bosonic and fermionic degrees of freedom in terms of non-Dirac-hermitian operators which are hermitian with respect to a modified inner-product the Hilbert space. It may be noted that the Hilbert space of a supersymmetric system is Z 2 -graded and the metric can be expressed as a directproduct of metrics corresponding to bosonic and fermionic degrees of freedom.
The method described in Ref. [10] is valid for the purely bosonic sector of a supersymmetric system which involves canonical relations involving only bosonic degrees of freedom. A pseudo-hermitian realization of the Clifford algebra for a pre-determined positive-definite metric is given in this article. A general construction of pseudo-hermitian supersymmetric systems with one or many degrees of freedom is presented. Further, it is shown that exactly solvable pseudohermitian supersymmetric quantum systems can be constructed corresponding to each exactly solvable Dirac-hermitian system. Examples of pseudo-hermitian (i) Pauli Hamiltonian, (ii) super-conformal quantum system [19, 20, 21] and (iii)
Calogero-type models [22, 23, 24, 25] are also presented.
The article is organized as follows. A pseudo-hermitian realization of the Pauli matrices is presented in the next section. A generalization of these results to the Clifford algebra with an arbitrary number of elements is given in section 3. The section 4 contains discussions on pseudo-hermitian supersymmetric quantum systems with one degree of freedom. It is shown that exactly solvable pseudo-hermitian quantum system can be constructed corresponding to each Dirac-hermitian system with a shape-invariant potential. A general formulation of pseudo-hermitian supersymmetric quantum system with many degrees of freedom is presented in section 5. Examples of pseudo-hermitian Pauli Hamiltonian, super-conformal quantum system and Calogero-type models are given in sections 6.1, 6.2 and 6.3, respectively. Finally, the results are summarized in section 7. 
and the inner-product ·|· H With the introduction of the similarity operator ρ f ,
a set of non-Dirac-hermitian matrices may be introduced in terms of the Pauli matrices σ a as follows:
Note that R * ij = R ij and 3 j=1 R 2 ij = 1∀i. The matrices Σ a obey the same algebra satisfied by the Pauli matrices:
and are hermitian in the vector space H η f + .
A few comments are in order at this point.
(i) The matrices Σ a depend on three real independent parameters. A general 2 × 2 non-Dirac-hermitian matrix may be constructed in terms of Σ a 's and the 2 × 2 identity matrix I,
where p 0 and p a are four real parameters. The matrix depends on seven independent real parameters and is hermitian in the vector space H η f +
. The real eigenvalues λ ± and the associated eigenvectors v ± of Σ a 's are,
The most general 2 × 2 matrix with complex elements depends on eight real parameters. The complex matrix Σ admitting entirely real eigenvalues depends on seven real parameters and thus, is more general than the one presented in
Ref. [26] . Moreover, the method in constructing Σ is completely different from the one followed previously [26] . The matrix Σ may be used as the toy-model for studying different ideas related to PT symmetric and pseudo-hermitian quantum systems.
(ii) Pseudo-hermitian spin chain systems and Dicke models have been constructed previously [12, 10, 13] by using Σ a 's with the choice n 1 = n 2 = 0, n 3 = 1.
More general pseudo-hermitian spin chain systems and Dicke models may be constructed by using Σ a 's with arbitrary n 1 , n 2 , n 3 .
(iii) Any Dirac-hermitian representation of the Pauli matrices is unitary equivalent to the standard representation, where σ 3 is taken to be diagonal. 
The inner-product v, u H 
which can be shown using the relation [27] ,
Such pseudo-unitary matrices may have applications in the study of pseudohermitian random matrix model [27] .
(v) An anti-linear PT transformation may be introduced with the actions of the anti-linear operator T and the discrete symmetry operator P on σ 1 , σ 2 , σ 3 as follows:
It may be checked that Σ 3 , which appears in the description of single-particle supersymmetric non-Dirac-hermitian Hamiltonian in section 4, is PT symmetric for θ = 2tan
A pseudo-hermitian realization of Clifford algebra
The real Clifford algebra with 2N elements satisfy the relations,
The complexification of the algebra can be achieved by introducing the fermionic
These fermionic variables satisfy the complex Clifford algebra,
and either ξ p or ψ i , ψ † i may be used to construct Dirac-hermitian supersymmetric systems.
A realization of the N (2N − 1) number of generators of the O(2N ) group is given in terms of elements of the Clifford algebra ξ p as follows,
These generators may be used to obtain a multi-parameter dependent pseudohermitian realization of the Clifford algebra, much akin to the case of Pauli matrices. A 'complex rotation' in the space of elements ξ p is described in terms of the hermitian operator η
where 
It may be noted that ordering of the generators J iN +i is not required in Eq. (15), since the commutators [J iN +i , J jN +j ] = 0 for any i and j. A set of non-Dirachermitian elements of the real Clifford algebra is introduced as follows,
The elements Γ p are hermitian in H η+ . A pseudo-hermitian realization of the generators of the group O(2N + 1) is facilitated by the introduction of the element Γ 2N +1 ,
which anti-commutes with all the Γ p /ξ p 's and squares to unity.
A set of fermionic operators Ψ i 's and their adjoints Ψ † i in H η+ may be defined in terms of Γ p as,
which satisfy the basic canonical anti-commutation relations.
The metric η f + and the similarity operator ρ f are expressed in terms of ψ i , ψ † i as,
The total fermion number operator N f has identical expression,
in H D as well as in H η+ . However, a general eigenstate
Hilbert space H η+ through the following relation:
The 2 N states |f 1 , . . . , f i , . . . , f N Hη + form a complete set of orthonormal states in H η+ , while |f 1 , . . . , f i , . . . , f N HD constitute a complete set of orthonormal
Either Γ i or Ψ i , Ψ † i may be used to construct pseudo-hermitian supersymmetric quantum systems.
The known representation [30, 31] of the elements ξ p in terms of 2 N × 2 N matrices can be used to find the corresponding representation for Γ p , Ψ i , Ψ † i . In general, the matrices Γ p depend on N real parameters γ i . A 2 N × 2 N pseudohermitian matrix depending on 2 2N + N real parameters may be constructed in terms of Γ p 's and the 2 N × 2 N identity matrix I as,
where a 0 , a 
and it is understood that ξ p 's are realized in terms of Pauli matrices [30, 31] . The matrixΓ thus constructed will have entirely real eigenvalues with a complete set of orthonormal vectors in H η+ . Other possibilities including a more general operator T appearing in the definition of η f + and with more number of real parameters also exist, which will not be pursued in this article.
A comment regarding the PT symmetry in the space of the elements of the Clifford algebra is in order before the end of this section. An anti-linear PT transformation may be introduced with the action of the anti-linear operator T and the discrete symmetryP on the elements ξ p as,
The action of the PT transformation on the fermionic variables ψ i is as follows,
where β appears as a phase which may be fixed at some specific value depend- which is also PT invariant for any θ. This can be checked by expressing Γ 2N +1
in terms of fermionic variables as,
This provides a framework for constructing PT symmetric supersymmetric nonDirac-hermitian Hamiltonian.
4 Single-particle non-Dirac-hermitian SUSY
The supercharges are introduced as follows:
where W 1 , W 2 are two arbitrary functions. It may be noted that Q 1 is not the adjoint of Q 2 in H D . The Hamiltonian that may be constructed in terms of a quadratic form of these supercharges is also non-hermitian in H D ,
The generalized momentum operator Π includes an imaginary gauge potential corresponding to the real part of W ′ − . It may be noted that such imaginary gauge potentials are relevant in the context of metal-insulator transitions or depinnning of flux lines from extended defects in type-II superconductors [32] . The imaginary gauge potential also appears in the study of unzipping of DNA [33] .
Apart from the imaginary gauge potential containing in W ′ − , the non-Dirachermiticity in H is also introduced through the complex parameters R 3b and complex functions W 1,2 . The appearance of R 3b is due to a non-standard nonDirac-hermitian representation of the Pauli matrices which may be interpreted as arising due to a gauge-transformation with complex gauge potentials.
The Hamiltonian is not in the diagonal form due to a non-standard representation of the Pauli matrices. The eigen-value equation of the non-Dirachermitian H is thus given in terms of a set of two coupled second-order differential equations. Such coupled differential equations appear in a variety of physical situations [34] . The Hamiltonian can be brought to a diagonal form by defining,
and using the similarity transformation,
where Re(f )/Im(f ) corresponds to real/imaginary part of f . The complex gauge potential has also been removed by the combined use of the similarity operator ρ b and the unitary operator U .
In general, the Hamiltonian h is non-Dirac-hermitian due to the appearance of complex W 
where W (x), χ(x), θ 1 (x) and θ 2 (x) are four independent real functions of their The eigenfunctions Φ n of h with associated real eigenvalues E n , satisfying the eigenvalue equation,
may be used to construct the eigenfunctions of H. In particular, the eigenfunctions χ n of H with eigenvalues E n are,
It may be noted that Φ n constitute a complete set of orthonormal eigenfunctions in H D , while χ n are a complete set of orthonormal eigenstates in H η+ .
Many-particle non-Dirac-hermitian SUSY
The metric η + is chosen as,
where η f + is given by Eq. (20) and W ± is as defined in Eq. (30) with the understanding that W 1 , W 2 are now functions of the N bosonic co-ordinates.
The operatorB acts on the bosonic co-ordinates only. Specific choice ofB will be made in the next section while presenting a few examples. It is assumed that the bosonic co-ordinates x i and the momenta p i are not hermitian in H η+ for the type of operatorB that will be considered in this article. A set of hermitian co-ordinates X i and momenta P i in H η+ may be introduced as follows,
Although the operators X i , P i are non-Dirac-hermitian, they satisfy the basic canonical commutation relations [X i , P j ] = δ ij . Further, the length in the momentum space as well as in the co-ordinate space remains invariant under the transformations defined by the Eq. (37).
The supercharges are introduced as follows,
which are not adjoint of each other in H D . The supersymmetric Hamiltonian that may be constructed by using these supercharges reads,
In general, the HamiltonianH is non-Dirac-hermitian. Apart from the complex superpotentials W 1 , W 2 , the non-Dirac-hermitian interactions are introduced iñ H through imaginary gauge potentials containing in the generalized momentum operators Π i and fermion operators Ψ i . It is worth re-emphasizing that imaginary gauge potentials appear in the study of a diverse branches of physics including metal-insulator transitions or depinning of flux lines from extended defects in type-II superconductors [32] and unzipping of DNA [33] . The non-Dirachermitian bosonic potentials may appear inH depending on specific physical situations and a few such explicit examples will be discussed in the next section.
The decomposition of W 1 , W 2 in Eq. (33) is used in this section with the understanding that W, χ, θ 1 , θ 2 are real functions of the N bosonic co-ordinates.
The metric η b + , the operators Π i and the functions W +,i may be re-written as,
The HamiltonianH becomes hermitian in the Hilbert space H η+ provided the following condition is satisfied,
The hermiticity can be checked by re-expressingH as,
It may be noted that the non-Dirac-hermitian operators
The HamiltonianH is isospectral with the Dirac-hermitian Hamiltonian H,
Specific choices of W for which exactly solvable many-particle supersymmetric quantum systems H are known may be used to construct iso-spectral non-Dirachermitian quantum systemsH. A set of orthonormal eigenfunctions χ n ofH in H η+ may be constructed from the orthonormal eigenfunctions Φ n of H in H D by using the relation, χ n = (U ρ) −1 Φ n .
Examples
A few specific examples of non-Dirac-hermitian supersymmetric systems with complex bosonic potentials are considered in this section. The operatorB ap-pearing in the metric η b + in Eq. (36) is chosen as,
The presence of L 12 in the metric allows non-Dirac-hermitian bosonic potential in the Hamiltonian [10] . In particular, the co-ordinates x 1 , x 2 and the momenta
A new set of canonical conjugate operators those are hermitian in the Hilbert space H η+ may be introduced by using the relation (37) as follows [10, 11] :
It may be noted that L 12 = X 1 P 2 − X 2 P 1 = L 12 is hermitian both in H D and H η+ . This ensures that η + defined in Eq. (36) is positive-definite. Without loss of any generality, θ is chosen as zero, since it can always be rotated away by using the unitary operator U := e −iθ . The generalized momentum operators Π i now reads,
The imaginary gauge potentials χ i can be removed from Π i by using a nonunitary similarity transformation. However, it should be noted that P i and Π i act on different Hilbert spaces.
An anti-linear PT transformation for the bosonic coordinates may be introduced as follows [11] :
PT :
The transformations in the last two lines of Eq. (47) 
Pauli Hamiltonian
The supercharge Q is introduced as,
where the vector potential A with the components A 1 , A 2 , A 3 are given by,
Although the vector potential A is non-Dirac-hermitian and contains an imaginary part, the magnitude B of the corresponding magnetic field is a real constant and points in the z-direction. The operatorsΠ a , Σ a and the supercharge Q are hermitian in H η+ . A non-Dirac-hermitian Hamiltonian is introduced as,
which is also PT symmetric with the transformation under P as given in Eqs. (9) and (47), while the action of T is defined as, T : i → −i,
The HamiltonianH is isospectral with the non-relativistic Dirac-hermitian Pauli Hamiltonian [36] , which can be shown by using a similarity transformation with ρ as the similarity operator.
Super-conformal Quantum System
The superpotential W to describe a super-conformal quantum system is chosen as,
which is Dirac-hermitian as well as hermitian in H η+ . With this choice of the superpotential,
and the non-Dirac-hermitian supersymmetric Hamiltonian reads,
The purely bosonic Hamiltonian is obtained by projectingH in the fermionic vacuum |0 η+ . The resulting Hamiltonian with a further choice of χ = 0 is Dirac-hermitian and has been studied [19] extensively as a model of conformal quantum system. The HamiltonianH reduces to the super-conformal quantum
Hamiltonian [20] in the limit φ = χ = 0, γ i = 0 ∀i. The HamiltonianH is invariant under a combined PT operation as defined in Eqs. (27) and (47).
The HamiltonianH along with D and K,
satisfy the O(2, 1) algebra which appears as a bosonic sub-algebra of the OSp(2|2)
super-group. The complete algebra of the OSp(2|2) can be realized by defining,
The non-Dirac-hermitian generatorsH, D, S 1 and S 2 of OSp(2|2) are hermitian in H η+ . The Dirac-hermitian generators K and Y are also hermitian in H η+ .
is not even plane-wave normalizable in H η+ for any choices of χ. Following the prescription [19, 20] , a compact operator of the sub-group O(2, 1) × U (1) of OSp(2|2) may be chosen to study the time-evolution of the system. The relevant non-Dirac hermitian Hamiltonian,
has a complete description including entirely real spectra and unitary timeevolution in H η+ . In fact, the Hamiltonian H ′ is isospectral with the supersymmetric quantum system with inverse-square and harmonic potentials [20] . It is worth mentioning here that the dynamical supersymmetry ofH is SU (1, 1|2) for N = 2 with the following non-Dirac-hermitian realization of the SU (2) generators,
The relevant discussions for a Dirac-hermitian system [20, 21] may be generalized for the non-Dirac-hermitian HamiltonianH in a straightforward way.
A comment is in order before the end of this section. Normalizable zero energy eigenfunctions ofH in H D exist for specific choices of χ. For example, with the choice of χ = − κ 2 2 r 2 , κ ∈ R, the normalizable zero energy eigenfunctions of
where |N HD is the conjugate vacuum satisfying ψ † i |N HD = 0 ∀i. The supersymmetry is preserved for the entire range of the parameter λ. It may be noted that a scale is introduced in the system for κ = 0.
Calogero-type systems
The superpotential W is chosen as,
where G is a homogeneous function of degree d,
The homogeneity condition on G is to ensure that the many-body interaction scales inverse-squarely [24] . Rational Calogero-type models corresponding to different root systems may be introduced for specific choices of G [24] . The A N +1 Calogero-type model is obtained for the choice,
The non-Dirac-hermitian Hamiltonian reads,
X 2j = −ix 1 sinhδ + x 2 coshδ − x j j > 2,
Unlike the rational Calogero model [22] , the many-body inverse-square interaction term inH is neither invariant under translation nor singular for x 1 = x i , i > 1 and x 2 = x i , i > 2. Further, the permutation of the bosonic and fermionic coordinates x i ↔ x j , ψ i ↔ ψ j , ψ † i ↔ ψ † j does not keepH invariant. However, the Hamiltonian is invariant under a combined PT operation as defined in Eqs.
(27) and (47).
The HamiltonianH can be mapped to the Dirac-hermitian rational A N +1
Calogero model through a similarity transformation and thus, these models are isospectral. A word of caution is in order at this point. The rational A N +1
Calogero model has been solved for boundary conditions by both excluding [22] and including [25] the singular points from the configuration space. The HamiltonianH has (N − 3)(N − 2) number of less singular points compared to the standard Calogero model [22] due to the non-singular points at x 1 = x i , i > 1 and x 2 = x i , i > 2. Thus, identical boundary conditions should be used for both the non-Dirac-hermitian and Dirac-hermitian systems in order to claim that these systems are isospectral.
Conclusions
A general prescription to construct non-Dirac-hermitian supersymmetric quantum system that is isospectral with a Dirac-hermitian Hamiltonian has bee given. The basic canonical (anti-)commutation relations defining the supersymmetric system have been realized in terms of non-Dirac-hermitian operators those are hermitian in a Hilbert space that is endowed with a pre-determined positive-definite metric. The canonical relations involving bosonic degrees of freedom have been realized following the method described in Ref. [10] . A pseudo-hermitian realization of the Clifford algebra has been given which has been used to construct supersymmetric quantum systems. It has been shown that exactly solvable non-Dirac-hermitian supersymmetric quantum systems those are isospectral with known exactly solvable Dirac-hermitian system can always be constructed. Specific examples of non-Dirac-hermitian nonrelativistic Pauli Hamiltonian, superconformal quantum system and supersymmetric
Calogero-type models have been presented.
The Pauli matrices appear in diverse branches of physics. The pseudohermitian realization of these matrices may be used to construct non-Dirachermitian quantum systems admitting entirely real spectra. Some of the possibilities include more general pseudo-hermitian spin-chains, Dicke models, random matrix models etc. Further, the fermionic operators constructed in this article may be interpreted as standard fermionic operators with imaginary gauge potentials and may have applications in condensed matter systems.
